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Abstract
A vertex irregular total k-labeling of a (p, q)-graph G = (V, E) is a labeling φ : V ∪ E → {1, 2, . . . , k} such that the weights
of the vertices wt (v) = φ(v) +uv∈E φ(uv) are different for all vertices. The total vertex irregularity strength tvs(G) is the
minimum k for which G has a vertex irregular total k-labeling. The labeling φ is an edge irregular total k-labeling if for any two
distinct edges e1 = u1v1 and e2 = u2v2, one has wt (e1) ≠ wt (e2) where wt (e1) = φ(u1) + φ(v1) + φ(u1v1). The total edge
irregularity strength tes(G) is the minimum k for which G has an edge irregular total k-labeling. In this paper we determine tes(G)
where G is the generalized helm and tvs(G) where G is the generalized sun graph.
c⃝ 2015 Kalasalingam University. Production and Hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
In [1], Chartrand et al. proposed the following problem: Assign positive integer labels to the edges of a connected
graph of order at least 3 in such a way that the graph becomes irregular, i.e. the weights (label sums of edges incident
with the vertex) of vertices are distinct. What is the minimum value of the largest label over all such irregular
assignments? Such labelings were called irregular assignments and the irregularity strength s(G) of a graph G is
known as the minimum k for which G has an irregular assignment using labels at most k. Finding the irregularity
strength of a graph seems to be hard even for graphs with simple structure, see [2,3].
The lower bound on the s(G) is given by inequality
s(G) ≥ max
1≤i≤∆(G)
ni + i − 1
i
, (1)
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where ni denotes the number of vertices of degree i and ∆(G) denotes the maximum degree of G. For a graph G of
order p and minimum degree δ(G), the best upper bound known so far can be found in [4], i.e.
s(G) ≤

6|V (G)|
δ(G)

. (2)
Motivated by irregular assignments Bacˇa et al. [5] defined a vertex irregular total k-labeling of a graph G = (V, E)
to be a labeling of the vertices and edges of G
ϕ : V ∪ E → {1, 2, . . . , k}
such that the weights of vertices wt (x) = ϕ(x)+xy∈E ϕ(xy) are different for all vertices, that is, wt (x) ≠ wt (y)
for all different vertices x, y ∈ V . Furthermore, they defined the total vertex irregularity strength, tvs(G), of G as the
minimum k for which G has a vertex irregular total k-labeling.
If an edge labeling f : E → {1, 2, . . . , s(G)} provides the irregularity strength s(G), then we extend this labeling
to total labeling ϕ in such a way
ϕ(xy) = f (xy), for every xy ∈ E(G),
ϕ(x) = 1, for every x ∈ V (G).
Thus, the total labeling ϕ is a vertex irregular total labeling and for graphs with no component of order ≤ 2 there is
tvs(G) ≤ s(G).
In [5] several bounds and exact values of tvs(G) were determined for different types of graphs (in particular for
stars, cliques and prisms). Among others, the authors proved that for every graph G of order p,
p + δ(G)
∆(G)+ 1

≤ tvs(G) ≤ p +∆(G)− 2δ(G)+ 1. (3)
For graphs with no component of order ≤ 2, Bacˇa et al. in [5] strengthened also these upper bounds, proving that
tvs(G) ≤ p − 1 −

p−2
∆(G)+1

. These results were then improved by Przybylo in [6] for sparse graphs and for
graphs with large minimum degree. In the latter case were proved the bounds tvs(G) < 32 p
δ(G) + 8 in general and
tvs(G) < 8 pr + 3 for r -regular graphs of order p. The best upper bound on tvs(G) is given in [7] by the form
tvs(G) ≤

3p
δ(G)

+ 1. (4)
Wijaya et al. [8] determined an exact value of the total vertex irregularity strength for complete bipartite graphs.
Wijaya and Slamin [9] found the exact values of tvs for wheels, fans, suns and friendship graphs. Nurdin et al.
determined exact values of tvs for several types of trees and for disjoint union of paths in [10] and [11], respectively.
Now we consider a total k-labeling ϕ : V ∪ E → {1, 2, . . . , k} with the associated weight of edge
wt (xy) = ϕ(x)+ ϕ(xy)+ ϕ(y).
Bacˇa et al. in [5] define a labeling ϕ : V ∪ E → {1, 2, . . . , k} to be an edge irregular total k-labeling of the graph
G = (V, E) if for every two different edges xy and x ′y′ of G one has wt (xy) ≠ wt (x ′y′). The total edge irregularity
strength, tes(G), is defined as the minimum k for which G has an edge irregular total k-labeling.
Next result from [5] gives a lower bound on the total edge irregularity strength of a graph G by the form
tes(G) ≥ max
 |E(G)| + 2
3

,

∆(G)+ 1
2

. (5)
The authors of [5] present also a few families of graphs for which they found the exact value of the total edge
irregularity strength, namely for paths, cycles, stars, wheels and friendship graphs.
Recently Ivancˇo and Jendrolˇ [12] proved that for any tree T the tes(T ) is equal to its lower bound. The exact values
of the total edge irregularity strength for complete graphs and complete bipartite graphs are given in [13] and [14], for
large dense graphs with |E(G)|+23 ≤ ∆(G)+12 can be found in [15], and for the categorical product of a cycle and a path
are determined in [16] and [17].
A. Ahmad et al. / AKCE International Journal of Graphs and Combinatorics 12 (2015) 161–168 163
The main aim of this paper is to determine the precise values of the total edge irregularity strength of generalized
helm (as a solution of the open problem posed in [18]) and the total vertex irregularity strength of generalized sun
graphs.
2. Total edge irregularity strength of generalized helm
Indriati et al. [18] define the generalized helm Hmn in the following way: It is a graph obtained by inserting m
vertices to every pendant edge of the helm Hn . A generalized helm Hmn has (m + 2)n + 1 vertices and (m + 3)n
edges. The vertex set and the edge set of Hmn are as follows: V (H
m
n ) = {vi, j : 1 ≤ i ≤ n, 1 ≤ j ≤ m + 2} ∪ {w},
E(Hmn ) = {(vi, jvi, j+1) : 1 ≤ i ≤ n, 1 ≤ j ≤ m + 1} ∪ {vi,m+2vi+1,m+2 : 1 ≤ i ≤ n} ∪ {(vi,m+2w) : 1 ≤ i ≤ n},
with the indices taken modulo n. In [18], they determined the exact value of the total edge irregularity strength of
generalized helm, Hmn , for n ≥ 3, m = 1, 2 and for m ≡ 0 (mod 3), and proposed the following open problem.
Open Problem 1. For the generalized helm Hmn , determine the exact value of the total edge irregularity strength if
n ≥ 3 and m ≥ 4, m ≡ 1, 2 (mod 3).
Next theorem determines the total edge irregularity strength of generalized helm Hmn , for n ≥ 3 and for all m ≥ 4,
as a solution of the previous open problem.
Theorem 2.1. For n ≥ 3 and m ≥ 4, tes(Hmn ) =

(m+3)n+2
3

.
Proof. The generalized helm Hmn has n(m + 2)+ 1 vertices and n(m + 3) edges. From (5) we have that tes(Hmn ) ≥ |E(G)|+2
3

=

(m+3)n+2
3

. To prove the equality, it is sufficient to show the existence of an edge irregular total
k-labeling ϕ1 with k =

(m+3)n+2
3

.
For 1 ≤ i ≤ n, we define a total labeling ϕ1 as follows:
ϕ1(w) = k
ϕ1(vi, j ) =

1, if 1 ≤ j ≤
m
3

+ 1
k
2

, if ⌈m
3
⌉ + 2 ≤ j ≤

2m
3

+ 2
k, if

2m
3

+ 3 ≤ j ≤ m + 2
ϕ1(vi, jvi, j+1) =

n( j − 1)+ i, if 1 ≤ j ≤
m
3

n
m
3

+ 1−

k
2

+ i, if j =
m
3

+ 1
n( j − 1)+ i + 2− 2

k
2

, if
m
3

+ 2 ≤ j ≤

2m
3

+ 1
n( j − 1)+ i + 2−

k
2

− k, if j =

2m
3

+ 2
n( j − 1)+ i + 2− 2k, if

2m
3

+ 3 ≤ j ≤ m + 1
ϕ1(vi,m+2vi+1,m+2) = n(m + 1)+ 2+ i − 2k
ϕ1(vi,m+2w) = n(m + 2)+ 2+ i − 2k.
One can check that all vertex and edge labels are at most k. Moreover under the labeling ϕ1 for weights of the edges
we have
wt (vi, jvi, j+1) = n( j − 1)+ 2+ i, for 1 ≤ i ≤ n and 1 ≤ j ≤ m + 1
wt (vi,m+2vi+1,m+2) = n(m + 1)+ 2+ i, for 1 ≤ i ≤ n
wt (vi,m+2w) = n(m + 2)+ 2+ i, for 1 ≤ i ≤ n.
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Thus, the weights of the edges of Hmn under the labeling ϕ1 form consecutive integers from 3 up to n(m+3)+2. This
implies that the total labeling ϕ1 is an optimal edge irregular total

(m+3)n+2
3

-labeling. 
If we omit the central vertex w in the generalized helm Hmn then we obtain a generalized sun graph denoted by
Smn . So we have the following corollary.
Corollary 2.2. For n ≥ 3 and m ≥ 4, tes(Smn ) =

(m+2)n+2
3

.
Proof. The generalized sun graph Smn has n(m + 2) edges. From (5) we have that tes(Smn ) ≥
 |E(Smn )|+2
3

=
n(m+2)+2
3

. We label the graph of Smn by the labeling ϕ1 as like in the proof of Theorem 2.1. One can see that
the weights of the edges of Smn form consecutive integers from 3 up to n(m+2)+2. Thus the existence of the optimal
labeling ϕ1 proves the desired result. 
Siddiqui in [19] proposed the following open problem.
Open Problem 2. For the subdivision of star K m1,n , determine the exact value of the total edge irregularity strength if
n ≥ 3 and m ≥ 9.
By removing the edges vi,m+2vi+1,m+2 in the generalized helm Hmn , for 1 ≤ i ≤ n with the indices taken modulo n,
we obtain a subdivision of star K m1,n . So we have the following corollary.
Corollary 2.3. For n ≥ 3 and m ≥ 4, tes(K m1,n) =

(m+2)n+2
3

.
Proof. The subdivision of star K m1,n has n(m + 2) edges. From (5) we have that tes(K m1,n) ≥
 |E(K m1,n)|+2
3

=
n(m+2)+2
3

= k. We label the graph of K m1,n by the labeling ϕ1 as like in the proof of Theorem 2.1 while
ϕ1(vi,m+2w) = n(m + 1)+ 2+ i − 2k, for 1 ≤ i ≤ n.
Thus the weights of the edges of K m1,n admit the consecutive integers from 3 up to n(m + 2) + 2 and the labeling ϕ1
in this case has the required properties of an edge irregular total

(m+2)n+2
3

-labeling. 
3. Total vertex irregularity strength of sun graphs
Let Cn be a cycle with the vertices u1, u2, . . . , un and Pmi , i = 1, 2, . . . , n, mi ≥ 2, be paths with the vertices vi, j ,
1 ≤ j ≤ mi and edges vi, jvi, j+1, 1 ≤ j ≤ mi − 1. If the vertex vi,mi of the path Pmi is joined to the vertex ui , for
i = 1, 2, . . . , n, we obtained a subdivision of sun graph denoted by Cn ~ Pmi .
Let V (Cn ~ Pmi ) = {ui : 1 ≤ i ≤ n}∪ {vi, j : 1 ≤ i ≤ n, 1 ≤ j ≤ mi } and E(Cn ~ Pm j ) = {ui ui+1, uivi,mi : 1 ≤
i ≤ n}∪ {vi, jvi, j+1 : 1 ≤ i ≤ n, 1 ≤ j ≤ mi −1} be the vertex set and the edge set, with the indices taken modulo n.
Next theorem gives the lower bound for the total vertex irregularity strength of Cn ~ Pmi .
Theorem 3.4. Let Cn ~ Pmi be a subdivision of the sun graph for n ≥ 3, 1 ≤ i ≤ n and mi ≥ 2. Then
tvs(Cn ~ Pmi ) ≥ max
n
i=1(mi−1)+n+1
3

,
n
i=1(mi−1)+2n+1
4

.
Proof. The graph Cn ~ Pmi has n vertices of degree 1,
n
i=1(mi − 1) vertices of degree 2 and n vertices of degree 3.
To prove the lower bound we consider the weights of the vertices. The smallest weight among all vertices of Cn~ Pmi
is at least 2, so the largest weight of a vertex of degree 1 is at least n + 1. Since the weight of any vertex of degree 1
is the sum of two positive integers, so at least one label is at least

n+1
2

.
The largest value among the weights of vertices of degree 1 and 2 is at least
n
i=1(mi−1)+n+1. Hence the largest
label contributing to this weight must be at least
n
i=1(mi−1)+n+1
3

. If we consider all vertices of Cn ~ Pmi then the
lower bound
n
i=1(mi−1)+2n+1
4

follows from (3). Clearly,

n+1
2

< max
n
i=1(mi−1)+n+1
3

,
n
i=1(mi−1)+2n+1
4

for n ≥ 3, 1 ≤ i ≤ n and mi ≥ 2.
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Thus the maximum of the two last smallest labels contributing to the largest value among the weights of vertices
gives the lower bound for the total vertex irregularity strength of Cn ~ Pmi and we are done. 
If mi = m − 1 for every 1 ≤ i ≤ n, then from Cn ~ Pmi we obtained the generalized sun graph denoted by
Smn with the vertex set V (S
m
n ) = {ui : 1 ≤ i ≤ n} ∪ {vi, j : 1 ≤ i ≤ n, 1 ≤ j ≤ m + 1} and the edge set
E(Smn ) = {ui ui+1, uivi,m+1 : 1 ≤ i ≤ n} ∪ {vi, jvi, j+1 : 1 ≤ i ≤ n, 1 ≤ j ≤ m}, with the indices taken modulo n.
Next theorem shows the precise value of the total vertex irregularity strength for S1n .
Theorem 3.5. For n ≥ 3, tvs(S1n) =

3n+1
4

.
Proof. Suppose that n ≥ 3 and k =

3n+1
4

. The generalized sun graph S1n has n vertices of degree 1, n vertices
of degree 2 and n vertices of degree 3. According to Theorem 3.4 it is sufficient to prove the existence of a vertex
irregular total k-labeling for S1n .
Define a labeling ϕ2 : V (S1n) ∪ E(S1n)→ {1, 2, . . . , k} in the following way:
ϕ2(ui ) = n − k +

i + 1
2

, for 1 ≤ i ≤ n
ϕ2(vi, j ) =

1, if j = 1 and 1 ≤ i ≤ k
i + 1− k, if j = 1 and k + 1 ≤ i ≤ n
n + 1− k, if j = 2 and 1 ≤ i ≤ k
i + n + 1− 2k, if j = 2 and k + 1 ≤ i ≤ n
ϕ2(ui ui+1) =

n − k + i + 1
2
, if i is odd, 1 ≤ i < n
k, if i = n or if i is even, 2 ≤ i < n
ϕ2(uivi,2) = k, for 1 ≤ i ≤ n
ϕ2(vi,1vi,2) = min{i, k}, for 1 ≤ i ≤ n.
The weights of vertices of S1n are as follows:
wt (vi, j ) = ( j − 1)n + i + 1, for j ∈ {1, 2} and 1 ≤ i ≤ n
wt (ui ) =

2n + i + 1, if 1 ≤ i ≤ n − 1
3n + 1, if i = n and n is even
3n + 1
2
+ 2k, if i = n and n is odd.
It implies that the weights of vertices receive distinct values. The labeling ϕ2 is the desired vertex irregular total
k-labeling and provides the upper bound on tvs(S1n). Combining with the lower bound from Theorem 3.4, we conclude
that tvs(S1n) =

3n+1
4

. 
Next we look for the vertex irregularity strength for S2n .
Theorem 3.6. For n ≥ 3, tvs(S2n) = n + 1.
Proof. The graph S2n has n vertices of degree 1, 2n vertices of degree 2 and n vertices of degree 3. From Theorem 3.4
it follows that tvs(S2n) ≥ max

3n+1
3

,

4n+1
4

= n + 1. To get an upper bound we define a labeling ϕ3 :
V (S2n) ∪ E(S2n)→ {1, 2, . . . , n + 1} as follows.
ϕ3(vi, j ) =

1, if j = 1, 2 and 1 ≤ i ≤ n
i, if j = 3 and 1 ≤ i ≤ n
ϕ3(ui ) = i, for 1 ≤ i ≤ n
ϕ3(vi, jvi, j+1) =

i, if j = 1 and 1 ≤ i ≤ n
n, if j = 2 and 1 ≤ i ≤ n
ϕ3(uivi,3) = n + 1 and ϕ3(ui ui+1) = n, for 1 ≤ i ≤ n.
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For weights of the vertices of S2n we have
wt (vi, j ) = ( j − 1)n + i + 1, for 1 ≤ j ≤ 3 and 1 ≤ i ≤ n
wt (ui ) = 3n + i + 1, for 1 ≤ i ≤ n.
It is easy to check that for each pair of vertices, their weights are distinct. Thus the labeling ϕ3 is an optimal vertex
irregular total (n + 1)-labeling, which completes the proof. 
Theorem 3.7. For n ≥ 3, tvs(S3n) =

4n+1
3

.
Proof. With respect to Theorem 3.4 we have that tvs(S3n) ≥ max

4n+1
3

,

5n+1
4

=

4n+1
3

. Let k =

4n+1
3

. It
is sufficient to prove the existence of a vertex irregular total k-labeling for S3n .
Define a labeling ϕ4 : V (S3n) ∪ E(S3n)→ {1, 2, . . . , k} in the following way:
ϕ4(vi, j ) =

1, if j = 1 and 1 ≤ i ≤ n
k − n, if j = 2 and 1 ≤ i ≤ n
i, if j = 3 and 1 ≤ i ≤ n
3n + 1+ i − 2k, if j = 4 and 1 ≤ i ≤ n
ϕ4(ui ) = i, for 1 ≤ i ≤ n
ϕ4(vi, jvi, j+1) =
i, if j = 1 and 1 ≤ i ≤ n2n + 1− k, if j = 2 and 1 ≤ i ≤ nk, if j = 3 and 1 ≤ i ≤ n
ϕ4(uivi,4) = ϕ4(ui ui+1) = k, for 1 ≤ i ≤ n.
The weights of the vertices of S3n are as follows:
wt (vi, j ) = ( j − 1)n + i + 1, for 1 ≤ j ≤ 4 and 1 ≤ i ≤ n
wt (ui ) = 3k + i, for 1 ≤ i ≤ n.
We can see that the labeling ϕ4 has the required properties of a vertex irregular total

4n+1
3

-labeling. 
The exact value of the total vertex irregularity strength of the generalized sun graph Smn , for n ≥ 3 and m ≥ 4,
gives the following result.
Theorem 3.8. For n ≥ 3 and m ≥ 4, tvs(Smn ) =

nm+n+1
3

.
Proof. The generalized sun graph Smn has n vertices of degree 1, nm vertices of degree 2 and n vertices of degree 3.
From Theorem 3.4 it follows that for n ≥ 3 and m ≥ 4, tes(Smn ) ≥ max

n(m+1)+1
3

,

n(m+2)+1
4

=

n(m+1)+1
3

.
Let k =

n(m+1)+1
3

. For the converse, we define a suitable vertex irregular total labeling ϕ5, for 1 ≤ i ≤ n, as
follows:
ϕ5(vi, j ) =

1, if j = 1, 2
i + 1, if 3 ≤ j ≤ 2

m + 1
3

+ 1
n

m + 1
3

+ 1

+ 1+ i − k, if j = 2

m + 1
3

+ 2
n( j − 1)− 2k + 1+ i, if 2

m + 1
3

+ 3 ≤ j ≤ m + 1
ϕ5(vi, jvi, j+1) =

i, if j = 1
n

j − 1
2

, if 2 ≤ j ≤ 2

m + 1
3

+ 1
k, if 2

m + 1
3

+ 2 ≤ j ≤ m
ϕ5(ui ) = k + 1− i and ϕ5(uivi,m+1) = ϕ5(ui ui+1) = k.
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It is a matter for routine checking to see that under the labeling ϕ5 the weights of vertices are pairwise distinct, namely
wt (vi, j ) = ( j − 1)n + i + 1, for 1 ≤ j ≤ m + 1 and 1 ≤ i ≤ n
wt (ui ) = 4k + 1− i, for 1 ≤ i ≤ n.
Thus, the resulting vertex irregular total k-labeling ϕ5 has the required property and we are done. 
The lower bound in Theorem 3.4 is tight as can be seen from previous Theorems 3.5–3.8.
Siddiqui and Afzal [20] proposed the following open problem:
Open Problem 3. For the subdivision of star K m1,n , determine the total vertex irregularity strength if n ≥ 3 and
m ≥ 9.
If vertices ui , 1 ≤ i ≤ n, in generalized sun graph Smn are identified to a central vertex, say w, then we obtain the
subdivision of star K m1,n . From Theorem 3.8 we have the following corollary.
Corollary 3.9. For n ≥ 3 and m ≥ 4, tvs(K m1,n) =

n(m+1)+1
3

.
Proof. The subdivision of star K m1,n has n vertices of degree 1, nm vertices of degree 2 and one vertex of degree n.
The smallest weight among all vertices of K m1,n is at least 2, so the largest weight of a vertex of degree 1, given as the
sum of two positive integers, is at least n+1 and therefore one of the integers in the sum is at least

n+1
2

. The largest
value among the weights of vertices of degree 1 and 2 is at least n(m+1)+1. Thus the largest label contributing to this
weight must be at least

n(m+1)+1
3

. If we consider all vertices of K m1,n then from (3) it follows that the lower bound is
n(m+1)+2
n+1

. Certainly, for n ≥ 3 and m ≥ 4, max

n+1
2

,

n(m+1)+1
3

,

n(m+1)+2
n+1

=

n(m+1)+1
3

≤ tvs(K m1,n).
We label the graph of K m1,n by the labeling ϕ5 as like in the proof of Theorem 3.8, where ϕ5(w) = k. One can see
that the weights of the vertices of K m1,n are as follows:
wt (vi, j ) = ( j − 1)n + i + 1, for 1 ≤ j ≤ m and 1 ≤ i ≤ n
wt (w) = (n + 1)k.
Thus the existence of the optimal labeling ϕ5, in this case, proves the desired result. 
From previous results for the generalized sun graph Smn we can see that the total vertex irregularity strength is equal
to the natural lower bound shown in Theorem 3.4. In general case, for the subdivision of sun graph Cn ~ Pmi , it leads
us to suggest the following conjecture.
Conjecture 3.10. For n ≥ 3, 1 ≤ i ≤ n and mi ≥ 2,
tvs(Cn ~ Pm j ) = max


n
i=1
(mi − 1)+ n + 1
3
 ,

n
i=1
(mi − 1)+ 2n + 1
4

 .
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